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The Generalized Uncertainty Principle and the
Friedmann equations
Barun Majumder
Abstract The Generalized Uncertainty Principle (or
GUP) affects the dynamics in Plank scale. So the
known equations of physics are expected to get mod-
ified at that very high energy regime. Very recently
authors in (Ali et al. 2009) proposed a new General-
ized Uncertainty Principle (or GUP) with a linear term
in Plank length. In this article, the proposed GUP is
expressed in a more general form and the effect is stud-
ied for the modification of the Friedmann equations of
the FRW universe. In the midway the known entropy-
area relation get some new correction terms, the leading
order term being proportional to
√
Area .
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If we apply Clausius relation of thermodynamics
(δQ = T dS) to the apparent horizon of any finite di-
mensional FRW universe with any spatial curvature we
get the Friedmann equations (Cai and Kim 2005). The
entropy is a quarter of the apparent horizon area and
the temperature of the apparent horizon has the form
T = 12pir˜A are the accompanying two considerations for
the derivation of the Friedmann equations. Here T is
the temperature of the apparent horizon with radius
r˜A. δQ denotes the amount of energy crossing the ap-
parent horizon in an infinitesimal time interval. Using
the tunnelling approach method as proposed by Parikh
and Wilczek (Parikh and Wilczek 2000) we can also
prove (Cai et al. 2009) that the apparent horizon of
a FRW universe in any finite dimension has an asso-
ciated Hawking temperature given by T = 12pir˜A . The
application of the first law of thermodynamics in other
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gravity theories such as Gauss-Bonnet gravity, Love-
lock gravity and also in various braneworld scenarios
can be found in (Akbar et al. 2007), (Cai et al. 2008),
(Zhu et al. 2009). Recently it was also discussed that
the acceleration is due to an entropic force naturally
arising from the information storage on the horizon sur-
face screen (Easson et al. 2011).
The idea that the uncertainty principle could be af-
fected by gravity was first given by Mead (Mead 1964).
Later modified commutation relations between posi-
tion and momenta commonly known as Generalized
Uncertainty Principle ( or GUP ) were given by candi-
date theories of quantum gravity ( String Theory, Dou-
bly Special Relativity ( or DSR ) Theory and Black
Hole Physics ) with the prediction of a minimum mea-
surable length (Kempf, Mangano and Mann 1995),
(Maggiore 1993), (Veneziano 1986), (Cortes et al. 2005).
Similar kind of commutation relation can also be found
in the context of Polymer Quantization in terms of
Polymer Mass Scale (Hossain et al. 2010). GUP ad-
dresses the existence of a minimal length scale (gen-
erally the Plank length scale is considered). We
can use GUP to modify the black hole thermody-
namics and thereby we can get correction terms for
the Bekenstein-Hawking entropy (Nozari et al. 2007),
(Zhao et al. 2003). Using GUP we can also modify the
Hawking temperature which eventually prevents the
total evaporation of a radiating black hole. We get an
inert remnant with zero entropy and finite temperature
in the final stages of evaporation (Adler et al. 2001),
(Park 2008), (Cavaglia et al. 2004). For the FRW
universe in any finite (n + 1)-dimension, we can
modify the Friedmann equations (Cai et al. 2008),
(Zhu et al. 2009) with the help of the first law of ther-
modynamics on the apparent horizon. The modifica-
tion is due to GUP because it affects the entropy-area
relation by adding corrections.
2The authors in (Ali et al. 2009) proposed a GUP
which is consistent with DSR theory, String theory and
black hole physics and which says
[xi, xj ] = [pi, pj ] = 0, (1)
[xi, pj ] = i~
[
δij − l
(
pδij +
pipj
p
)
+l2
(
p2δij + 3pipj
) ]
, (2)
and
∆x∆p ≥ ~
2
[
1− 2l〈p〉+ 4l2〈p2〉] , (3)
where l =
a0lp
~
. Here lp is the Plank length (≈
10−35m) and it is generally assumed that a0 = 1. It
is evident that this new physical length scale which
is of the order of a0lp cannot exceed the electroweak
length scale ∼ 1017lp which surely implies a0 ≤ 1017.
The above equations are approximately covariant un-
der DSR transformations but not Lorentz covariant
(Cortes et al. 2005). These equations also imply
δx ≥ (δx)min ≈ a0lp (4)
and
δp ≤ (δp)max ≈
Mpc
a0
(5)
where Mp is the Plank mass and c is the velocity of
light in vacuum. The effect of this proposed GUP
is well studied recently for some well known phys-
ical systems in (Ali et al. 2009), (Das et al. 2009),
(Majumder 2011).
In this article we will reinvestigate the results of
(Cai et al. 2008), (Zhu et al. 2009) using this newly
proposed GUP (Ali et al. 2009). We will apply this
GUP for the calculation of the modified entropy. Here
we will make the assumption that the apparent hori-
zon has the entropy which is the calculated modi-
fied entropy. Then we will apply the Clausius rela-
tion of thermodynamics to the apparent horizon to get
the newly modified Friedmann equations which gov-
erns the dynamical evolution of the universe. If we
now see equation (2) we can easily notice that the
uncertainty relation has a linear term in the Plank
length which is absent in the earlier version of GUP
(Kempf, Mangano and Mann 1995). Here we write the
GUP of equation (2) in a more general form as
δxδp ≥ 1 + β lp δp+ α2 l2p (δp2) . (6)
Throughout the whole process we will consider ~ = G =
c = kB = 1, where G is the Newton constant, c the
velocity of light in vacuum and kB the Boltzmann con-
stant. Here lp is the Plank length. β is the coefficient
of lp and α
2 is the coefficient of l2p. β essentially high-
lights the effect of the linear term in Plank length of
the uncertainty relation. We keep the freedom in our
hand to choose the parameters α and β. For example
β = 0 gives back the earlier version of GUP as dis-
cussed in (Kempf, Mangano and Mann 1995). We can
further tune β = −2a0 and α2 = 4a20 so that we get
back (3). From equation (6) we can write the form of
the momentum uncertainty as
δp ≥ 1
δx
[
(δx)2
2α2l2p
(
1− βlp
δx
)
{
1±
√
1− 4α
2l2p
(δx)2
(
1− βlp
δx
)2
}]
≥ 1
δx
fGUP (δx
2) , (7)
where
fGUP (δx
2) =
[
(δx)2
2α2l2p
(
1− βlp
δx
)
{
1±
√
1− 4α
2l2p
(δx)2
(
1− βlp
δx
)2
}]
. (8)
fGUP (δx
2) measures the amount of departure from our
usual Heisenberg uncertainty principle. We consider
the negative sign for fGUP (δx
2) as the positive sign
has no physical meaning. We now consider a (n + 1)-
dimensional FRW universe with line element
ds2 = − dt2 + a2
(
dr2
1− kr2 + r
2 dΩ2n−1
)
, (9)
where dΩ2n−1 is the line element of a (n−1)-dimensional
unit radius sphere, a is the scale factor and k defines
the curvature of the spatial section. Without the whole
evolution history of the universe we cannot say anything
about the cosmological event horizon. But a dynamical
apparent horizon always exist in the FRW universe be-
cause it is a local quantity of spacetime. The apparent
horizon is a marginally trapped surface with vanish-
ing expansion. The location of the apparent horizon is
given by
r˜A =
1√
H2 + k
a2
, (10)
where r˜A is due to the re-definition r˜A = ar. Here
H(= a˙
a
) is the Hubble parameter. The apparent hori-
zon and the cosmological event horizon coincide only for
k = 0. If we assume that the apparent horizon is asso-
ciated with entropy S = A4 and temperature T =
1
2pir˜A
3then the application of the first law of thermodynamics
−dE = T dS gives (Cai and Kim 2005) us the Fried-
mann equations
H˙ − k
a2
= − 8pi
n− 1(ρ+ p) (11)
and
H2 +
k
a2
=
16pi
n(n− 1)ρ . (12)
Here − dE is the amount of energy crossing the ap-
parent horizon in an infinitesimal time interval, A(=
nΩnr˜
n−1
A ) is the area of the apparent horizon with
Ωn
(
= pi
n
2
Γ(n
2
+1)
)
, the volume of an n-dimensional unit
sphere. ρ and p are the energy density and pressure of
the perfect fluid respectively. Evaluation of equation
(12) requires the conservation or the continuity equa-
tion. Let us now consider that the apparent horizon
absorbs or radiates a particle with energy − dE. We
can identify this energy with the particle momentum
uncertainty. If we apply the Heisenberg uncertainty
principle to the situation then the increase or decrease
in area of the apparent horizon is given by
dA =
4
T
dE
≈ 4
T
1
δx
. (13)
If we consider the effect of GUP (equation (7)) then the
above equations should be modified. We now write
dA ≈ 4
T
1
δx
fGUP (δx
2)
≈ 4
T
fGUP (δx
2) dA . (14)
Now δx ≈ 2r˜A = 2
(
A
nΩn
) 1
n−1 . So fGUP (δx
2) can be
written as a function of A. We will now use fGUP (A)
instead of fGUP (δx
2). A straightforward calculation
gives the form of fGUP (A) in series form and we write
fGUP (A) = 1 +
β
2
lp
(
nΩn
A
) 1
n−1
+
α2 + β2
4
l2p
(
nΩn
A
) 2
n−1
+
3α2β + β3
8
l3p
(
nΩn
A
) 3
n−1
+
2α4 + β4 + 6α2β2
16
l4p
(
nΩn
A
) 4
n−1
+
10α4β + 10α2β3 + β5
32
l5p
(
nΩn
A
) 5
n−1
+
∑
d=3
[
f2d(αβ) l
2d
p
(
nΩn
A
) 2d
n−1
+f2d+1(αβ) l
2d+1
p
(
nΩn
A
) 2d+1
n−1
]
. (15)
Here f2d(αβ) and f2d+1(αβ) are polynomial functions
of α and β. We now investigate our FRW universe in
(3+1)-dimension. By putting n = 3 in equation (15)
we get
fGUP (A) = 1 +
β
2
lp
(
4pi
A
) 1
2
+(α2 + β2) l2p
(
pi
A
)
+
3α2β + β3
8
l3p
(
4pi
A
) 3
2
+(2α4 + β4 + 6α2β2) l4p
(
pi
A
)2
+
10α4β + 10α2β3 + β5
32
l5p
(
4pi
A
) 5
2
+
∑
d=3
[
f2d(αβ) l
2d
p
(
4pi
A
)d
+f2d+1(αβ) l
2d+1
p
(
4pi
A
) 2d+1
2
]
. (16)
4Using (16) with (14) we get the area with corrections
as
AGUP = A+ (4pi)
1
2 β lp
√
A
+pi(α2 + β2) l2p lnA
−(4pi) 32 (3α
2β + β3)
4
l3p A
−
1
2
−pi2(2α4 + β4 + 6α2β2) l4p A−1
−(4pi) 52 (10α
4β + 10α2β3 + β5)
48
l5pA
−
3
2
−
∑
d=3
[
f2d(αβ) l
2d
p
(4pi)d
d− 1A
1−d
+2f2d+1(αβ) l
2d+1
p
(4pi)
2d+1
2
2d− 1 A
1−2d
2
]
+C′ , (17)
where C′ is the integration constant. Following Beken-
stein Hawking argument for the entropy area relation
we can calculate the GUP modified entropy in this case.
The entropy is given by
SGUP =
A
4
+ pi
1
2 β lp
√
A
4
+
pi
4
(α2 + β2) l2p ln
A
4
−pi 32 (3α
2β + β3)
4
l3p
(
A
4
)
−
1
2
−
(pi
4
)2
(2α4 + β4 + 6α2β2) l4p
(
A
4
)
−1
−pi 52 (10α
4β + 10α2β3 + β5)
48
l5p
(
A
4
)
−
3
2
−
∑
d=3
[
f2d(αβ) l
2d
p
pid
d− 1
(
A
4
)1−d
+2f2d+1(αβ) l
2d+1
p
pi
2d+1
2
2d− 1
(
A
4
) 1−2d
2
]
+C . (18)
Here we see that a new correction ∼ √A is added to
the entropy. This is a consequence of the linear term in
Plank length in the uncertainty relation. This new en-
tropy bound different from the conventional ones was
first pointed out in (Ali 2011). Here we would like
to avoid going into the debate about the sign of the
prefactor of the correction terms. Considering S(A)
as the entropy of the apparent horizon we can obtain
Friedmann equations by applying the first law of ther-
modynamics (Cai et al. 2008), (Zhu et al. 2009). The
equations are
(
H˙ − k
a
)
S′(A) = −pi(ρ+ p) (19)
and
8piρ
3
= −pi
∫
S′(A)
(A
4
)
−2
dA. (20)
The prime denotes the derivative with respect to A. We
will consider SGUP (A) as the entropy of the apparent
horizon due to the GUP considered. Using (18), (19)
and (20) we finally get the modified Friedmann equa-
tions as
−4pi(ρ+ p) =
(
H˙ − k
a
)[
1 +
β
2
lp
(
4pi
A
) 1
2
+(α2 + β2) l2p
(
pi
A
)
+
3α2β + β3
8
l3p
(
4pi
A
) 3
2
+(2α4 + β4 + 6α2β2) l4p
(
pi
A
)2
+
10α4β + 10α2β3 + β5
32
l5p
(
4pi
A
) 5
2
+
∑
d=3
{
f2d(αβ) l
2d
p
(
4pi
A
)d
+f2d+1(αβ) l
2d+1
p
(
4pi
A
) 2d+1
2
}]
(21)
and
8piρ
3
= 4pi
[
1
A
+ (4pi)
1
2
β lp
3
A−
3
2
+pi
α2 + β2
2
l2pA
−2
+(4pi)
3
2
3α2β + β3
20
l3p A
−
5
2
+pi2
2α4 + β4 + 6α2β2
3
l4pA
−3
+(4pi)
5
2
10α4β + 10α2β3 + β5
112
l5p A
−
7
2
+
∑
d=3
{
f2d(αβ) l
2d
p
(4pi)d
d+ 1
A−d−1
+2f2d+1(αβ) l
2d+1
p
(4pi)
2d+1
2
2d+ 3
A
−2d−3
2
}]
. (22)
5Now if we set β = 0 in equations (21) and (22) we
get back equations (26) and (27) of (Zhu et al. 2009)
where the uncertainty relation was considered to be
δxδp ≥ 1 + α2 l2p (δp)2. Now we can easily tune the
parameters β = −2a0 and α2 = 4a20 so that they sat-
isfy equation (3). Interestingly the dominant correction
term in the GUP modified entropy is the
√
A term. We
also see that there are new corrections with fractional
power of A like A−
1
2 , A−
3
2 and so on. This is quite
different from our conventional knowledge. We know
that GUP effects the dynamics of the black holes and
our early universe where very high energy effects seem
important. In this article we have derived the modi-
fied Friedmann equations considering the Generalized
Uncertainty Principle mentioned earlier. In the mid-
way we found new correction terms being contributed
to the existing entropy-area relation. We hope that our
investigation might be helpful in providing a better un-
derstanding of the physics in the Plank regime.
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